Introduction
Without doubt the golden age of fixed point theory for multivalued map occurred in the post-war period. Motivated by the recently born disciplines of mathematical economics and game theory, using tools from the flourishing algebraic topology of that time, several well known fixed point theorems were proved. Most of the research was done in the area of fixed points for convex-valued maps, due to their importance in applications. However, the interest of topologists was immediately directed toward more general classes of maps.
The purpose of this paper is to survey the fixed point theory of two very special classes of multivalued maps with weights which were found during the intense research activity of that time. The first, which we will call acyclic weighted carriers, was discovered by Gabriele Darbo in 1950. The second class was introduced by him in 1957 under the name of weighted maps. We will briefly explain how they were found, review the significant results and point out few applications of this theory.
At first glance acyclic weighted carriers look similar to other categories of acyclic maps for which a fixed point theory has been constructed. However, this similarity is only apparent. For example, it is known that several classes of acyclic morphisms are homotopic to a continuous map by a homotopy in this category [68, 69] . This is far from being true for acyclic weighted carriers. In the presence of a nontrivial branching, an acyclic weighted carrier cannot be homotopic to any linear combination of continuous maps.
On the other hand, weighted maps are closely related to maps into the n-th symmetric product of a space [85] . But the concept of weighted map is more flexible and as a consequence the category is considerably larger than that of maps into symmetric products. As we will see, weighted maps and weighted carriers arise quite naturally as solutions of parametrized families of nonlinear equations. This fact makes the corresponding fixed point and degree theories of considerable interest. In this paper (except when strictly necessary) we will omit any further reference to other classes of multivalued maps considered in literature. Several books and general surveys of fixed point theory for multivalued maps are now available [41, 11, 51] .
There are several reasons which led us to write this survey. For the first author it represents a tribute to the memory of a dear friend and teacher, a discrete, quiet person with a special gift: the ability to see mathematics everywhere. It is also an opportunity to integrate old results with new ones, many of them recently obtained by the second author. We also believe that there may be a renewed interest in the algebraic topology of weighted maps because maps of this kind were used in the past years in order to solve some nontrivial and interesting problems in a variety of fields [37, 36, 2, 3, 89] .
The presentation is organized respecting the chronological order. Sections 1 to 8 cover old results, mainly those obtained before 1980, while the remaining sections deal with more recent ones.
Not everything here is a survey. In section 6 the results recently obtained by the second author are used in order to fill a gap in the proof of the main theorem in [17] . Section 8 contains a reformulation with improvements of some results in [83] . The last section is devoted to comments.
2.
A finite valued, continuous, fixed point free map from a two-cell into itself.
The name of Gabriele Darbo is usually associated to a well known fixed point theorem for α-contractions. However, he never considered this theorem as particularly significant. He wrote only one paper on this subject. As many other mathematicians of his circle, which was deeply influenced by the ideas of Renato Caccioppoli, he developed a wide variety of interests ranging from functional analysis and measure theory to algebraic topology, homological algebra, applications of category theory to networks, elementary number theory. He wrote very few papers, hardly more than four or five in any one area. However, much as in the case of Renato Caccioppoli, his charisma and the influence on his students was, by far, more important than his published work.
One of his first and favorite results is an example of a continuous multivalued fixed point free map sending each point of a two disc to a finite subset of the disc of cardinality between one and three. He found this example during a train trip, when he was working on a question posed by R.Caccioppoli to G.Scorza and which also attracted the interest of E.Magenes among others. The specific question had to do with separation properties of compact subsets of [0, 1] n , but counterexamples were found via graphs of fixed-point free maps.
Let us begin the survey with this example presented in the analytic form that was published in [21] . An interesting discussion of the geometric ideas behind the construction which were communicated orally by Darbo to Giuseppe Scorza Dragoni can be found in the survey [98] .
Let the two cell be the unit disk E of R 2 . We define a map T on the intersection E + of E with the first quadrant {x : x ≥ 0; y ≥ 0} by making correspond, to a point P = (x, y), the set T (P ) of three points { Q 1 = (x 1 , y 1 ), Q 2 = (x 2 , y 2 ), Q 3 = (x 3 , y 3 ) } of E defined in coordinates by (2.1)
Since the coordinates of Q i for i = 1, 2, 3 are continuous functions of (x, y), it follows that the points Q 1 , Q 2 , Q 3 considered separately are continuous maps from E + to E. Let us extend the definition of T (P ) to the entire disc E in the following way: if the points P and P are symmetric with respect to the x-axis (or to the y-axis), then the sets T (P ) and T (P ) will be in the same relation of symmetry with respect to the same axis. This defines a continuous multivalued map on all of the disc E, because to any point P of E + belonging to an axis corresponds a set T (P ) which is symmetric with respect to the same axis. This follows easily by inspection.
In this way we obtain a continuous multivalued map of the two cell E into itself taking values in sets of cardinality between one and three (obviously, coincident points have to be considered as the same point).
We claim that the map T defined above is without fixed points. To see this we first notice that the image of the map T is completely contained in the unit circle C ⊂ E.
By symmetry, if there is any fixed point of T, then there must be a fixed point p = (x, y) in the first quadrant. But for (x, y) on the arc of C lying on the first quadrant, we have that always x 1 = −1, y 1 = 0; x 2 ≤ 0; y 3 ≤ 0. Thus either (x, y) = (1, 0) or (x, y) = (0, 1). But, both (1, 0) and (0, 1) are sent to {(−1, 0)} by T. This proves the claim.
Acyclic weighted carriers
At the time that the preceding example was published there was wide interest in the following question: in addition to continuity, what other conditions should be imposed on a multivalued map in order to obtain the fixed point property for maps in the resulting class from an n-ball into itself?
Eilenberg and Montgomery extended the Lefschetz fixed point theorem to acyclic continuous map from an absolute neighborhood retract into itself. The fixed point property for this class follows from their result. Magenes [80] showed that continuous maps sending points of a ball into subsets having always the same number of acyclic components also have the fixed point property.
By the results of B. O' Neill in [91] continuous multivalued maps sending points to sets having either one or k acyclic components have this property too. It still holds for continuous finite-valued maps sending points to sets of cardinality either two or n [53] . There are examples [91] of finite-valued continuous fixed point-free maps from a two-disk into itself with cardinality of F (x) ranging in any subset of IN except {n} {1, n} and {2, n}.
In the second part of the paper [21] , Darbo formulated a possible answer to the question discussed above. He proved that, in the case of a two-disk, fixed point property holds irrespective of the cardinality of the set of acyclic components of the images of the points, if one can assign to each piece of F (x) a weight or multiplicity varying "continuously" with respect to x in the same way as the multiplicities of the roots of a polynomial vary with the coefficients at the polynomial. Let us be more precise about Darbo's result.
A piece of a compact space K is any open and closed subset of K. The family of all pieces P(K) of K is closed under finite unions and intersections. Typically, if K is a compact subspace of a Hausdorff space
Let us recall that a multivalued map
Moreover F is called continuous if the same holds with "closed " interchanged with "open". Definition 3.1. Let R be a commutative ring. A multivalued upper semi-continuous map F : X → Y is called a multivalued map with weights in R or briefly a weighted carrier if for any x ∈ X, the set F (x) is compact and moreover to any piece C of F (x) is assigned a weight or multiplicity m(C, F (x)) ∈ R verifying the following conditions:
(1) m(−, F (x)) is an additive function on the set P(F (x)), i.e.
whenever x is close enough to x.
In order to abbreviate notation, if U is as above, we will write either
) and we will call it the multiplicity of F (x) in U . If X is connected, then the multiplicity m(F (x), Y ) of F (x) with respect to the whole space Y is independent of x. This is an important invariant of the weighted carrier. It will be called the index of F and denoted with I(F ).
Example 3.2. The map assigning to each n-tuple of complex numbers (a 0 , ..., a n ) the roots of the polynomial z n+1 + a n z n + ... + a 0 is an upper semi-continuous map from C n to C with integral weights given by the multiplicities of the roots. The weight of a piece is the sum of the multiplicities of the points in that piece. n be an open bounded set and let f : X ×Ō → R n be a continuous map such that 0 / ∈ f (X ×∂O). We will consider the topological space X as a parameter space and consider the map f as a family of maps {f x :Ō → R n } x∈X where f x is defined by f x (y) = f (x, y).
Any parametrized family as above defines a multivalued solution map S : X → O, sending each x ∈ X into the set S(x) of solutions y of the equation f x (y) = 0. We claim that it is possible to assign integral weights to pieces of S(x) such that S becomes a weighted carrier.
First we observe that the upper semi-continuity of S is an easy consequence of compactness ofŌ. For, if S(x) ⊂ U, then 0 / ∈ f x (Ō − U ) which is compact beingŌ − U compact. But then, by continuity, 0 / ∈ f z (Ō − U ) for z close enough to z, which implies that S(z) ⊂ U.
To any piece C of S(x) an integral multiplicity can be assigned as follows: take an open set U such that C = S(x) ∩ U and such that 0 / ∈ f x (∂U ); then define m(C, S(x)) = deg(f x , U, 0), where deg is the Brouwer topological degree of f x on U with respect to 0.
By the excision property of the degree, the multiplicity m(C, S(X)) does not depend on the particular choice of the open set U. Additivity on pieces follows from the additivity of the degree. Moreover we can use homotopy invariance property in order to verify the last condition.
For this, let U be such that ∂U ∩S(x) = ∅ and let ρ = dist(0, f x (∂U ). The set V of all z ∈ X such that, dist(0, f z (∂U ) ≥ 1/2ρ) is an open neighborhood of x, and, for any z ∈ V, h(t, y) = tf x (y) + (1 − t)f z (y) is an admissible homotopy between the restrictions of f x and f z toŪ . Therefore,
This proves that S is a weighted carrier.
Notice that, when S(x) = f −1
x (0) is a finite set for every x, then an assignment of multiplicities to pieces of S(x) is equivalent to consider each zero y of f x with its own multiplicity m(f x , y) = deg(f x , W, 0), where W is any neighborhood of Y not containing other zeroes of f x . This is the case of the previous example. As we will see later, this can be better formalized by thinking of this map as a function into the free group generated by O which sends x into the formal combination
In a similar way, let Y be a compact ANR and let f : X × Y → Y be a family of maps. Then the local fixed point index [78, 51, 25] provides weights for the multivalued map sending x ∈ X into the set F (x) ⊂ Y of all fixed points of f x . The proof that F is a weighted carrier is a word by word restatement of the previous one.
Example 3.5. Let us denote by c(K) the number of connected components of a set K. If F : X → Y is a continuous multivalued map such that for all x ∈ X c(F (x)) is either constantly n or belongs to {1, n}, then F can be made into a weighted carrier by assigning integral weights in an obvious way.
If c(F (x)) ∈ {2, n} and p is a prime, then F can be made a Z p −carrier provided that an obstruction inȞ 1 (X, Z p−1 ) vanishes [53] . Darbo's fixed point theorem below and Richard Dunn examples [91] show that only in this cases a continuous assignment of weights can be made on the grounds of c(F (x)) only.
From the above examples it is clear that whenever a function can be constructed having the typical properties of a degree, one is able to assign continuously varying weights of the above type. For example one can use the intersection index of manifold oriented over R as in [17] , the index of a singular point of a vector field and other similar invariants. In the infinite dimensional setting, dealing with families of nonlinear equations on Banach spaces, one can use the Leray-Schauder degree for compact vector-fields [83] . Also the Caccioppoli's degree provides weights in Z 2 to solutions of equations involving Fredholm maps. It is interesting to notice that Caccioppoli described his degree precisely as an assignment of multiplicities to pieces of f −1 (0) [13] .
Definition 3.6. A weighted carrier F : X → Y is called acyclic in positive dimensions (or simply acyclic) if for each x ∈ X and all q > 0, the q-thČech homology group of F (x) with coefficients in R,Ȟ q (F (x); R) = 0.
Remark 3.7. Notice that for an acyclic weighted carrier F, the set F (x) need not have a finite number of connected components.
Example 3.8.
• If a weighted carrier has a finite number of acyclic components, then it is a acyclic weighted carrier. In particular any finitevalued weighted carrier is acyclic.
• If F is a w-carrier over the ring Q andȞ q (F (x), Z) are finite groups, for all q ≥ 1 and for all x ∈ X, then F is an acyclic weighted carrier.
• For any compact subset C of R,Ȟ q (C) = 0 for q > 0. Thus any weighted carrier with values in the real line is acyclic.
• A compact subset C of R 2 such that R 2 − C is connected haš H q (C) = 0 for q > 0. Thus, any weighted carrier with values in compact subsets of R 2 with connected complement is an acyclic weighted carrier.
The second part of [21] , is devoted to weighted carriers defined on a two-disk D in R 2 whose values are compact subsets of R 2 such that for any x the complement of F (x) is connected or, which is the same, acyclic in positive dimensions. Darbo showed that, given a singular onecycle γ in the complement of F (x), one can define a degree ω(F (x), γ) ∈ R of F (x) relative to the cycle γ. Using this construction he proved that if F (∂D) ⊂ D and I(F ) = 0, then F has a fixed point. Few years later, Darbo's construction was extended by one of his students, Letizia Dal Soglio, to R n [19] . Her results are close in spirit to those in [90] .
Remark 3.9. A completely different approach to this question was taken by R. Connelly in [14] . He proved the Brouwer fixed point for multivalued upper semi-continuous maps from the ball B n into itself such that dim{x|Ȟ k (F (x)) = 0} ≤ n − k − 2, applying deep results about Leray spectral sequence of a continuous map to the projection on the domain restricted to the graph of the map.
The category of weighted maps
In 1958, Darbo [22] published the first of his three papers devoted to the homology theory of weighted maps. He introduced the category of weighted maps containing the category of topological spaces and continuous map as a proper subcategory, defined a homology functor on this category and related it to singular homology.
Roughly speaking a weighted map is an equivalence class of finitevalued weighted carriers. But Darbo's definition is slightly more elaborate.
Let R be a commutative ring with unit. We denote by R(X) the free R-module generated by a set X. Identifying X with the canonical basis of R(X), any element ζ ∈ R(X) can be written in the form ζ = ζ, x · x where ζ, x = ζ(x) is the coefficient of ζ at the point x ∈ X. The set of all x such that the coefficient of ζ at x is different from 0 will be called the support of ζ. Given a subset A of X we shall denote by m A (ζ) the sum of coefficients of ζ at the points of A. (1) t(x) is a finite subset of Y for any x ∈ X; (2) the support of φ(x) is contained in t(x) (3) if U is an open subset of Y and x ∈ X is such that t(x)∩∂U = ∅ then m A (φ(x)) = m A (φ(x )) whenever x is close enough to x.
The multivalued map t in Definition 4.1 is called an upper semicontinuous support of φ (usc-support). Among all of upper semicontinuous supports of φ there exists a minimal one defined by t φ (x) = ∩ t∈supp(φ) t(x), where we have denoted by supp(φ) the set of all uscsupports of φ. It is easy to see that the graph of t φ (x) is the closure of the set {(x, y)/ φ(x), y } = 0.
• Any continuous map f : X → Y can be considered as a weighted map by assigning the coefficient 1 to each f (x).
• Any finite-valued weighted carrier F defines a unique weighted map whose minimal support is contained in F.
• Weighted maps can be added and multiplied by scalars in R.
Given two weighted maps φ : X → Y and ψ : X → Y its sum φ + ψ : X → Y is a weighted map. Indeed, it is easy to see that the upper semi-continuous map t defined by t(x) = t φ (x)∪t ψ (x) is a usc-support of the homomorphism φ + ψ : R(X) → R(Y ).
In particular t φ+ψ ⊂ t φ ∪ t ψ . Clearly, if φ is a weighted map and r ∈ R, then rφ is a weighted map. Thus any linear combination of a finite number of continuous maps with coefficients in R is a weighted map.
• The composition two weighted maps is a weighted map. Indeed, if t is a support of φ : X → Y and t is a support of ψ : Y → Z, then it is easy to see that the upper semi-continuous mapping t t is a support of the homomorphism ψφ : R(X) → R(Y ). The set of all weighted maps from X to Y has a natural structure of R-module that is preserved by the composition.
• The product of two weighted maps φ : X → Y and φ : X → Y is the weighted map φ × φ :
From (3) of Definition 4.1 it follows that for any weighted map
is locally constant and hence it is constant on each path component of X. If X is connected, then the element
Let T be the category of topological Hausdorff spaces and continuous maps. The weighted category over the ring R is the category ωT having the same objects as T and whose morphisms are weighted maps with coefficients in R. This is an additive category. Clearly T is a subcategory of ωT . We shall denote by [X; Y ] , (X; Y ) the morphisms from X to Y in T and ωT respectively.
Let I be the real interval [0, 1] . Given two weighted maps φ and ψ from X to Y we say that φ is σ-homotopic to ψ if there exists a weighted map θ from X × I to Y such that θ(x, 0) = φ(x) and θ(x, 1) = ψ(x).
It is easy to see that σ-homotopy is an additive equivalence relation in ωT which extends the usual homotopy relation on T .
The quotient category of ωT defined by this relation will be called the σ-homotopy category σT of ωT and we denote by σ(X; Y ) the R-module of σ-homotopy classes of weighted maps from X to Y. The inclusion of T as a subcategory of ωT induces a functor J from the homotopy category πT of T into σT .
If X is a connected space, then the index I is a homomorphism from (X; Y ) to R compatible with the relation of σ-homotopy and hence it induces a homomorphism I : σ(X; Y ) → R. Given a Hausdorff space X, the R-module of weighted q-chains on X is the graded R-module C q (X) = (∆ q ; X). The sequence d q : ∆ q → ∆ q+1 enables us to define a boundary operator ∂ : C q (X) → C q−1 (X) by ∂ q (φ) = φd q . The graded homology module of the complex (C(X), ∂) will be called the weighted homology of the space X. We will denote it by H * (X) = {H q (X)}.
Any weighted map φ : X → Y induces in a funtorial way a homomorphism φ * : H * (X) → H * (Y ), of degree zero, between the weighted homology of X and that of Y. Two homotopic maps induce the same homomorphism in homology. With this H becomes additive functor from ωT to the category of graded R-modules which is invariant under the σ-homotopy.
The inclusion of [∆ k ; X] into (∆ k ; X) extends to a homomorphism from the singular chains with coefficients in R to the weighted ones. It induces a natural transformation j X : H sing * (X; R) → H * (X) from the singular homology with coefficient in R to the weighted homology. Darbo showed that the functor H * satisfies the Eilenberg-Steenrod axioms for a homology theory with compact carriers and coefficients in a commutative ring. By the uniqueness of homology theory it follows that, for any CW -complex X, j X : H sing * (X; R) → H * (X) is an isomorphism and in fact a natural equivalence between H sing * (−; R) and H * • J(−) restricted to the category of CW complexes.
The next paper [23] of Darbo was devoted to the coincidence theory for weighted mappings. The construction of the Lefschetz coincidence class is the same as for singlevalued maps.
Let X and Y be Hausdorff spaces and let φ, ψ : X → Y be two weighted maps. A point x ∈ X is a point of coincidence of the pair (φ, ψ) if t φ (x) ∩ t ψ (x) = 0. By the semi-continuity of the supports the set E of all points of coincidence of the pair (φ, ψ) is closed in X.
If A is coincidence free subset of X, denoting by ∆ the diagonal in
induced by the natural inclusions of pairs. It has the usual property: if the pair (φ, ψ) is coincidence free than we have L q φ,ψ = 0 for all q.
Taking X = Y and ψ = id we see that the homomorphism L q φ,id detects fixed points.
In order to relate L q φ,id to the Lefschetz number Darbo could not use Poincare duality because weighted maps do not behave properly with respect to products. Moreover there is no natural cohomology theory of singular type in this category. Following an idea of H. Cartan, he restated the Poincare duality in terms of homology only.
If W is an orientable manifold over R he defined
and proved the following result:
If W is a n-dimensional paracompact orientable manifold which admits a locally finite triangulation, then for any open subset U of W there exists a natural isomorphism Ψ q U : D q (U ) = H q−n (U ), whenever one of the following conditions holds:
(a) R is a principal ideal domain, (b) R is a torsion free Z-module
Using this isomorphism, he constructed a local fixed point index for weighted maps.
In the last paper of the series [24] , published in 1961, assuming that R is a field, Darbo computed the homomorphism
where θ and ω are generators. This implies the Lefschetz theorem for weighted maps from an compact oriented manifold into itself. The theorem was then extended to weighted maps from a finite dimensional compact ANR into itself by showing that such spaces are retracts of smooth oriented finite dimensional manifolds.
Darbo proved that any compact ANR is a retract of the product of a finite polyhedron with the Hilbert cube Q ∞ and used this in order to drop the finite-dimensionality hypothesis. The last section is devoted to relax the hypothesis that R is a field.
His final result is:
Theorem 4.3. Let X be a compact absolute neighborhood retract and let φ : X → X be a weighted map with weights in a principal ideal domain R. If the Lefschetz number
then φ has a fixed point.
Since for contractible spaces the Lefschetz number reduces to I(φ) we have:
Corollary 4.4. If X is an absolute retract and I(φ) = 0, then φ has a fixed point.
is a weighted map. Thus if f : X → SP n X be a singlevalued map, then Πf is a weighted map and fixed point theorems for maps into symmetric products [85] are consequences of 4.3.
Let us illustrate with some examples taken from [94] the use of Darbo's fixed point theorem in the study of branch points of maps and correspondences.
Example 4.6. Let M, N be two n-dimensional orientable topological manifolds. Let f : M → N be a proper continuous map such that the inverse image by f of any point of N is a finite subset of M. Then, denoting with m(x) the multiplicity of the point x ∈ f −1 (y), the map
is a weighted map from N to M with coefficients in R. Clearly I(φ) = deg f and f φ = deg f id N . A branch point of f is, by definition, any fixed point of the weighted map φf − id M . The number δ(f ) = L(φf − id M ), will be called the total order of branching of the map f. Notice that if x is a branch point, then f is cannot be a local homeomorphism at x.
If M, N are surfaces and f is a ramified covering ( i.e. f is a covering map in the complement of a finite number of points {p 1 , . . . p r } ) it can be shown that δ(f ) = r i (m(p i ) − 1). On the other hand, by additivity and commutativity of the trace,
where d = deg f and χ is the Euler-Poincare characteristic. Hence we obtain the Riemann-Hurwitz formula
For example, let us consider a two-torus T embedded (canonically) into IR 3 and let S be a two-sphere with center p and contained inside T. Let f : T → S be the map which assigns to each x ∈ T the intersection point f (x) of the segment px with the sphere. The map f is a differentiable map of degree 1 and the inverse image by f of any point of S is finite (it has at most 3 points).
From the previous discussion we obtain a weighted map φ : S → T with support f −1 and coefficients in Z such that f φ = id S . By the above formula δ(f ) = 2 and hence f must have branch points.
Even without a local description of δ(f ) given by the RiemannHurwitz formula in the two dimensional case, by Darbo's theorem, if M, N are orientable n-dimensional manifolds and deg(f )χ(N ) = χ(M ), then f must have a branch point. We will see in the next section the effect of this branching on the homotopy theory of weighted maps.
Example 4.7. Let V, W be two n-dimensional nonsingular complex subvarieties of the m-dimensional projective space and let C be a irreducible subvariety of V ×W. Then, the correspondence φ which sends a point x ∈ V of the first factor to the projection onto the second factor of the set of intersection points of {x} × W with C, counted with multiplicities, is a weighted map from V to W with graph C. Also
is a weighted map since it is defined in the same way.
Non-singular complex varieties are naturally oriented. Hence, denoting with |V | the fundamental class of a manifold, it is possible define the degree deg(φ) as the unique integer such that
If we define the branching order of φ and ψ in the same way as before using the commutativity of the trace we obtain
This is a formula of Zeuthen [99] .
From Darbo's Theorem we can conclude that if neither φ nor φ
have branch points, then
Related material can be found in [99, 77, 36] .
Example 4.8. Let G be a finite group acting on a compact Hausdorff space X. Let π : X → X/G be the projection to the orbit space. By the factorization lemma (Lemma 2.5 of [92] ) the weighted map ψ : X → X defined by ψ(x) = g∈G g x factorizes through π. It follows that there exist a weighted map φ : X/G → X such that φπ(x) = g∈G gx. This map also verifies πφ = |G|id, where |G| is the order of the group. When the space X is a finite simplicial complex, the homomorphism φ * : H(X/G) → H(X) coincides (up to isomorphism) with the Smith transfer. Its very existence implies that π * is surjective and hence the weighted homology of X/G is finitely generated if X is a finite dimensional ANR. Moreover, H q (X/G) = 0, for q ≥ 1, if X is acyclic. Incidentally, it shows that H * is different from the singular theory on general spaces and moreover it behaves better with respect to the existence of transfers. Bredon has given an example of finite dimensional compact G-space for which Smith transfer in singular homology cannot exist [97] .
Assuming that X is a finite dimensional ANR, the Lefschetz number is well defined both on X and on X/G. Hence if we define, as before,
In particular if a cyclic group of prime order acts on X, then L(g) = 0 for g = e and therefore |G|χ(X/G) = χ(X).
Weighted maps were rediscovered by Richard Jerrard in 1975 [58] . He called them m−functions. His definition is very similar to that of Darbo. The basic idea was already present in the paper [57] , where it was used in order to prove that any closed analytic curve in the plane has a square inscribed in it. The formal definition was suggested to him by P. Young. It is essentially a restatement of Darbo's definition in terms of the graph of the map.
Jerrard defined the homology theory in this category, showed that it verifies all the axioms of a homology theory and proved the Lefschetz fixed point theorem for polyhedra via simplicial approximations. Borrowing an expression from the modern management of scientific research we can say that the results were tested by two independent research groups.
Jerrard applied the above theory to the study of the fixed point property. We will come back to this in Section 8.
Degree theory and linking numbers for weighted maps were studied by Letizia Dal Soglio in [20] . Chandan Vora [109, 110] obtained from Darbo's fixed point theorem various fixed points results of asymptotic type. For example; if F : X → X is a compact weighted map and there is an integer m such that F m (X) ⊂ A where A is acyclic, then F has a fixed point.
The σ-homotopy and Mc Cord construction
In this section and the next one we will describe the computation of the σ-homotopy theory of weighted maps obtained in [92, 95] . The homotopy theory of weighted maps turns out to be very simple. The σ-homotopy class of a weighted map is essentially determined by the homomorphism induced in homology.
Our approach is through classifying spaces. The σ-homotopy classes of weighted maps into Y correspond to ordinary homotopy classes of maps into a classifying space B(Y ). It turns out that B(Y ) is a topological R-module, constructed by Mc Cord in [86] , generalizing infinite symmetric products. Since B(Y ) is homologically equivalent to a product of Eilenberg-Mac Lane spaces, this completely determines the σ-homotopy category.
The results are better formulated in the homotopy category πW 0 of pointed, CW -complexes and continuous maps preserving base points. We shall indicate with p the base point of any object of W 0 and we denote by the same letter the constant map in this category. The set of all pointed homotopy classes of maps from X to Y will be denoted
Let σW 0 be the category whose morphisms are pointed σ-homotopy classes of weighted maps between CW −complexes having index 0 in any component. Let σ(X; Y ) 0 be the set of morphisms from X to Y in σW 0 . Notice that σ(X; Y ) 0 inherits a natural structure of R-module compatible with composition. It is easy to see that the group structure of σ n (Y ) coincides with the one derived from the co-group structure of the sphere S n = S(S n−1 ). The relative σ-homotopy groups σ n (X, A) are defined in a similar way.
Clearly the inclusion of W as a subcategory ofW admits a factorization through the respective homotopy categories by means of a functor J : πW 0 → σW 0 . In particular J induces a natural transformation j n from the n-th homotopy group π n (Y ) into σ n (Y ).
The Hurewicz map h n : σ n (Y ) → H n (Y ) is defined in the usual way. Namely, h n (α) = α * (1 n ) where 1 n is a generator of H n (S n ) R. The ordinary Hurewicz homomorphism in singular homology induces a homomorphismĥ
Clearly we have h n =ĥ n ( j n ⊗ id) up to identification of H sing n (Y ; R) with the weighted homology H n (Y ).
The knowledge of σ(X; Y ) 0 completely determines σ(X; Y ). Indeed, by Lemma 3.8 of [92] , if X, Y are two pointed connected CW -complexes, then any weighted map between them is homotopic to a pointed one. Moreover, two freely homotopic pointed maps are also homotopic in the pointed category. It follows form this that if X, Y are connected, the map sending φ to (φ−I(φ)p, I(φ)) induces an isomorphism between σ(X; Y ) and σ(X; Y ) 0 × R.
Our main tool is the following simplicial approximation theorem [92] .
Theorem 5.2. Let X, Y be polyhedra, X finite. Then, given any weighted mapping φ : X → Y, there exist a triangulation K of X and weighted map ψ : X → Y, σ-homotopic to φ, such that the restriction of ψ to each simplex |s| of |K| has the form r i f i where r i ∈ R and f i are singlevalued piecewise-linear maps from |s| to Y.
Notice that better result should not be expected since it is false that any weighted map φ : X → Y is σ-homotopic to a sum r i f i with
3 be a two-torus, S be a two-sphere contained inside T. Let f : T → S be the map which assign to each x ∈ T the intersection point f (x) of the segment between x and the center of the sphere. Then, by the Example 4.6 the multivalued map f −1 is the support of a weighted map φ : S → T such that f · φ = id S (since deg f = 1).
Suppose that φ is σ-homotopic to n i g i , where g i : S → T are continuous maps and n i ∈ Z. Since π 2 (T ) = 0 we have that each g i is homotopic to a constant map. Moreover since n i = I(φ) = deg f = 1 it follows that φ and hence also id S must be σ-homotopic to a constant map. This is impossible, because H 2 (S) = Z.
Since any finite CW-complex has the homotopy type of a polyhedron via a cellular homotopy equivalence Theorem 5.2 has an interesting corollary.
We say that a weighted map between two CW -complexes is cellular if its minimal support maps the q-skeleton of the domain into the qskeleton of the range.
Corollary 5.4. Any weighted map between CW -complexes with finite complex as domain is σ-homotopic to a cellular weighted map. Moreover, if A is a subcomplex and ϕ : X → Y is such that ϕ/A is cellular, then ϕ is σ-homotopic to a cellular map ψ : X → Y such that ϕ/A = ψ/A.
Let R be a ring. For any pointed space X let us consider the Rmodule B(X; R) whose elements are functionsñ : X → R such that n(p) = 0 andñ(x) = 0, for all but finitely many x. For each n ≥ 0, let B n (X; R) be the set of all members of B(X; R) whose value is different from 0 on at most n-elements of X. Thus, B(X; R) is the union of the increasing sequence of subsets B 0 (X; R) ⊂ B 1 (X; R) ⊂ . . . .
The set X \ {p} can be identified with the canonical basis of the free R-module B(X; R) and B n (X; R) consist of those elements which belong to the image of the map π n : (X × R) n → B n (X; R) defined by
If we consider R as a discrete space and give to (X × R) n the product topology, then B n (X; R) becomes a topological space by endowing it the quotient topology from the surjective map π n . Finally, we give B(X; R) the weak topology of the union of the sequence of spaces B n (X; R). With this topology B(X; R) becomes a functor from the category of pointed spaces to topological R-modules.
In what follows we shall write BX instead of B(X; R) whenever R remains unchanged. The functor B is stable under suspension and exact on co-fibrations. It follows from this that π * B(Y ) verifies all the axioms of a homology theory and therefore for any π n B(Y ) H There is a tautological weighted map η : BY → Y defined by
To see that η is a weighted map, by definition of weak topology, we have only check that η restricted to B n Y is a weighted map. But η restricted to B n Y is a factorization through π n of the weighted map
Since ϑ is a weighted map, the assertion follows from the factorization lemma (Lemma 2.5 in [92] ).
Any pointed weighted map ϕ : X → Y of index 0 at p induces a single-valued map f ϕ : X → BY in an obvious way. In general, f ϕ is not continuous but if X is a simplicial complex with the weak topology and if ϕ is such that its restriction to any simplex |s| is of the form λ i f i where f i are single-valued continuous maps from |s| to Y as in 5.2, then f ϕ is continuous since its restriction to any simplex factorizes On the other hand the compositioñ
is the Darbo's isomorphism between the reduced singular homology and the reduced weighted homology. This implies that all the above maps are isomorphisms. In particular:
Moreover, applying the comparison theorem to the homotopy functors σ(JX; Y ) 0 and π [X; B(Y )] 0 we obtain:
Relation between the homotopy and homology theory of weighted maps
In order to compute the homotopy theory of weighted maps let us first define the cellular homology and cohomology functors on the σ-homotopy category of weighted maps. They can be derived from the weighted homology by the usual method.
For n ≥ 0, let X n be the n-th skeleton of the CW -complex X. We define the n-th cellular chain module of X by C n (X) = H n (X n , X n−1 ). Endowing the graded module C * (X) = {C n (X)} with the boundary operator given by the composition
we obtain a complex whose homology modules are the cellular homology modules H * (X) of X. The above construction extends to pairs. The homology modules H * (X, A) obtained in this way are clearly isomorphic to the cellular homology obtained via the singular theory. By the cellular approximation theorem 5.4 any weighted map induces in a functorial way a homomorphism in cellular homology. From 5.6 it follows that Proposition 6.1. For each pair of CW -complexes (X, A), the Hurewicz map h : σ n (X, A) →H n (X, A) is an isomorphism, for all n ≥ 0.
Remark 6.2. For polyhedral pairs this was proved independently by Jerrard and Meyerson in [62] using a different argument. They verified the Eilenberg-Steenrod axioms for σ n (X, A) by localizing weighted maps defined on the simplex in a way that is reminiscent of the proof of the excision property in singular homology.
Given any R-module M the cellular cohomology of X with coefficients in M is the homology of the cochain complex C * (X) = Hom(C * (X); M ). We will denote it by H * (X; M ) = {H k (X; M )} k≥0 . Let us consider the homomorphism :
An element a ∈ H n (Y ; H n (Y )) will be called n-characteristic if (a) is the identity map of H n (Y ).
Given a connected CW -complex Y , let a n ∈ H n (Y ; H n (Y )) n≥1 be a sequence of characteristic elements. Let ϕ : X → Y be a pointed weighted map. We define, the n-th obstruction of ϕ,
is an isomorphism for any connected CW -complexes X, Y.
Indeed, by the comparison theorem for homotopy functors it is enough to check that ε is an isomorphism when X = S n . But this follows immediately from the above discussion and Proposition 6.1.
Using the relation between the pointed and the free homotopy classes of maps the above theorem can be extended to a classification of free σ-homotopy classes of weighted maps from a CW -complexes X into a CW -complex Y such that π 0 (Y ) is finite. See Theorem (5.8) of [95] .
Theorem 6.4. If Y has a finite number of connected components, then there is a natural isomorphism
It follows from this that the extension problem for weighted maps with values in such a CW -complex Y has only homological obstructions. Denoting with δ the connecting homomorphism of the exact sequence of a pair, a weighted map φ : A → Y can be extended to a weighted map from X into Y if and only if the obstruction δε n (φ) ∈ H n+1 (X, A; H n (Y )) vanishes for any n ≥ 0.
In what follows we always assume that π 0 (Y ) is finite. Using the universal coefficient theorem in cohomology we easily obtain Theorem 6.5. Let R be a principal integral domain. Then there is an exact sequence
→ 0 where H(ϕ) = ϕ * . Moreover, the sequence splits.
Thus, if R is a field, then any homomorphism of degree 0 between H * (X) and H * (Y ) is induced in homology by a unique (up to σ-homotopy ) weighted map. Corollary 6.8. If R is flat over Z and such that ⊗R kills finite groups (e.g. a Q-algebra), then
is an isomorphism for any q.
Let us call a weighted map
By Freudenthal Suspension Theorem, S : π[X, Y ] → {X; Y } is a bijection whenever Y is n-connected and dimX ≤ 2n. Thus, from the above corollary we obtain: Corollary 6.9. If R is a field, Y is n-connected and dimX ≤ 2n, then any weighted mapping from X to Y is homotopically unbranched.
Approximation of acyclic weighted carriers by weighted maps
In this section we will describe how the results from the preceding section can be used in order to approximate acyclic weighted carriers by weighted maps. This leads to the construction of a well-defined homomorphism induced by a weighted carrier in homology and to a generalization of the Lefschetz fixed point theorem to acyclic weighted carriers and other related classes. Here approximation means not only the graphs of the maps are close enough, which is the usual notion of approximation for multivalued maps, but also a condition regarding to the multiplicities which we are going to explain below.
In the notation in this section we will not make any distinction between weighted maps and finite-valued weighted carriers. Hence we will denote with φ both the weighted map φ and its minimal support t φ . Let A be a subset of a metric space X. We will denote by O ε (A) the ε-neighborhood of A in X.
Remark 7.1. Let us denote by H q (A) the inverse limit over the family of ε-neighborhoods of A of H q (O ε (A)). In [17, 101] were considered weighted carriers Ψ : X → Y with acyclic values in the following sense: H q (Ψ(x)) = 0, for all x ∈ X and every q > 0. However they are the same as weighted carriers with acyclic values in the sense of theČech homology considered here. Indeed, if X is a metric ANR and A is a compact subset of X then, taking into account [67] or [29] and [81, 111] , we haveH
Definition 7.2. Let F : X → Y be a weighted carrier, and let ε > 0. The proof of the theorem is roughly speaking as follows: by the acyclicity of F (x), using an old idea of Lefschetz, one can find a sequence δ ≤ 1 , ≤ · · · n = , n = dim(X − A) such that, for all x, (F (x) ) induces a trivial homomorphism in homology. Thanks to the isomorphism between the σ-homotopy and weighted homology groups, applied to the boundary of a simplex, one is able to extend inductively from a q-skeleton to the (q + 1)-skeleton any δ-approximation of F | A to an -approximation of F. The condition ii) in the preceding definition is fundamental in order to obtain the extension from the 0-skeleton to the next one.
As a consequence we have:
Corollary 7.4. Any acyclic weighted carrier has an ε-approximation by weighted maps for any ε > 0.
Corollary 7.5. Let F : X → Y be an acyclic w-carrier. Then there exists δ > 0 such that any two δ-approximations ϕ 1 , ϕ 2 of F are homotopic as weighted maps.
Now, we are able to define for any acyclic weighted carrier F : X → Y the homomorphism induced in homology F * :
By the above results any weighted carrier F can be arbitrary approximated by weighted maps. Moreover, any two weighted maps sufficiently close to F are σ-homotopic and hence induce the same homomorphism in the homology theory H. Therefore, we can define F * as ϕ * for ϕ close enough to F. The same approximation theorem allows us to conclude that F * is invariant by homotopies of acyclic weighted carriers.
From now on we will assume that R is a principal integral domain. Let F : X → X be an acyclic weighted carrier from a finite polyhedron X into itself. Then the Lefschetz number of F is defined in the usual way. If a weighted carrier is fixed point free its graph does not intersects the diagonal in X × X. By compactness any close enough approximation in graph is also fixed point free. Therefore from the above approximation and Darbo's fixed point theorem we obtain: Theorem 7.6. ( [93] ) Let F : X → X be a weighted carrier from a finite polyhedron into itself. If L(F ) = 0, then there exists x ∈ X such that x ∈ F (x).
The paper [17] deals with an extension of the above theorem to a larger class of weighted carriers, called Lefschetz weighted carriers. This class is interesting because it arise quite naturally in applications. Notice that, if F : X → Y is an acyclic weighted carrier and f : Z → X (resp. g : Y → Z) are singlevalued continuous maps, then F f is an acyclic weighted carrier. But g F being a weighted carrier need not be acyclic. However any approximation of F by a weighted map under minimal assumptions will produce also an approximation of g • F. This motivates the next definition. Definition 7.7. A weighted carrier F from a complete metric ANR X into itself will be called a Lefschetz weighted carrier if: i) The closure F (X) is compact ii) F can be factorized in the form F = r • G, where G : X → Y is an acyclic weighted carrier from X into a complete metric ANR space Y and r : Y → X is a continuous singlevalued map.
In [17] the following theorem (Theorem 5.1) was stated.
Theorem 7.8. Let F : X → X be a Lefschetz weighted carrier of the form F = r • G . Let h : H(X) → H(X) be defined by h = r * G * . Then the image of h is finitely generated and hence L(h)) is defined. Moreover if L(h) = 0 then F has a fixed point.
However the proof presented in that paper is incomplete. The problem is in the lack of definition of the induced homomorphism G * : H * (X) → H * (Y ) for general ANR's. This gap was filled up by Robert Skiba in his PhD thesis. Here is a short survey of his results.
The following theorem is an extension of Theorem 7.3 to the case of a compact ANR.
Theorem 7.9. ([101])
Let X be a compact ANR, A be a closed ANR subset of X, Y be a metric ANR. Suppose that F : X → Y is an acyclic weighted carrier. Given any ε > 0 there exists a δ > 0 such that any δ-approximation ϕ : A → Y of F restricted to A can be extended to an ε-approximation ϕ : X → Y of F.
The proof of this theorem is based on two lemmas. The first of them is an extension of Dugundji -domination theorem to pairs, obtained by Mardesic. The second is a special case of the theorem. Let us underline that a main idea of the proof of the second lemma is taken from [5, 43] . Details will appear in [101] .
Remark 7.10. Many important results concerning approximability of multivalued maps have been obtained by L. Górniewicz, A. Granas, W. Kryszewski and others (see [42, 43, 44, 71, 73] ). For a good survey, we refer the reader to W. Kryszewski [72] . that is a δ-approximation of H restricted to B can be extended to an ε-approximation of H. Now let us complete the proof of Theorem 7.8. Using Theorem 7.9 we can define the homomorphism in homology induced by an acyclic weighted carrier G : X → Y where X a compact ANR and Y is an ANR in the same way as was used Theorem 7.3 in the case of a polyhedron X.
To define the homomorphism G * : H * (X) → H * (Y ) when X is an arbitrary ANR, we will use the fact that H * has compact supports. Thus, H * (X) = limdir{ H * (Z) | Z, compact}. Since the family of compact ANR's is cofinal in the family of all compact subset of X, we can compute H * (X) as the direct limit of the homology of he directed family CA of compact ANR subspaces Z of X. If Z, W ⊂ X are compact ANR's and Z ⊂ W, then by uniqueness (G| Z ) * = (G| W ) * i * , where i : Z → W is the inclusion. Thus
is a directed family of homomorphisms. Hence it induces a homomorphism G * : H * (X) = limdir H * (Z) → H * (Y ). With this definition of G * one can easily check that the image of h = r * G * is finitely generated and the Lefschetz number L(h) can be defined. The rest of the proof of Theorem 7.8 is as in [17] . Corollary 7.13. Let C be an acyclic metric ANR. Then any Lefschetz weighted carrier F from C into itself with I(F ) = 0 has a fixed point.
We will close this section with an application of the fixed point theory of Lefschetz weighted carriers to the existence of periodic trajectories of a vector field on a full torus. The problem was firstly investigated by Fuller, in [38] . His construction of the homomorphism induced in homology in that paper is very close to what we have discussed in this section and we essentially follow his approach.
Let C = B 2 × S 1 be the full 2-torus, i.e. the product of the 2-ball B 2 with the circle S 1 . Let X be a vector field on C pointing inward on the boundary S 1 × S 1 of C. This implies that the trajectory of a point is defined for all time t ≥ 0. Hence, X generates a semiflow Φ(c, t) defined on all of C × IR + . The universal covering of C is a cylinder D = B 2 × IR. The covering map π : D → C is defined by π(x, θ) = (x, e iθ ). The angular coordinate e iθ defines a 1-form ω on C such that π * (ω) = dθ where π * is the induced map on cotangent bundle andθ : D → R is given byθ(x, θ) = θ. For c ∈ C and t ∈ IR + let us consider the integral of the form ω over the part of the trajectory going from c to Φ(c, t), that is,
Theorem 7.14. If lim t→∞ η(c, t) = ∞ uniformly in c, then there exists a closed trajectory of the field X.
Proof. The vector field X induces a vector fieldX whose semiflow Φ(d, t) covers the semiflow Φ(c, t) under the covering projection π. If d ∈ D, c = π(d), t ≥ 0, we have that the integral of the form ω over the trajectory from c to Φ(c, t) coincides with the integral of the form dθ = π * ω over the path of trajectory from d toΦ(d, t). Hence, we get η(c, t) , 0) ). Therefore, the coordinateθ(Φ(d, t)) of the trajectory passing by d must go to infinity with t. Let h 0 , h 1 be the embeddings of the ball B 2 in D given by h 0 (x) = (x, 0), h 1 (x) = (x, 1).
By the above discussion, for each x ∈ B 2 , the set
is the set of intersection points of a curve with a one-codimensional oriented submanifold S 1 of C, using the intersection index (see Appendix of [17] ), we can assign integral weights to pieces of τ (x) in a continuous way. With this the map τ becomes an acyclic weighted carrier, since subsets of IR are acyclic in positive dimensions. Moreover, sinceθΦ (h 0 (x), t) → ∞ as t → ∞, it is easy to see that the index I(τ ) = 1. 
Approximation theorems for other classes of weighted carriers
In this section we will consider the class AW of all weighted carriers that can be approximated in the sense of Definition 7.2 by weighted mappings. In section 7 we showed that acyclic and Lefschetz weighted carriers belong to AW under mild assumptions on the domain and range spaces. But weighted carriers arising as zeroes of parameterized families of maps between orientable manifolds of the same dimension and fixed points of maps depending on a parameter (see Examples 3.3,3.4,4.6) also belong to the class AW.
The approximation theorems needed here follow easily from a series of results presented by H. Kurland and J. Robbin in their beautiful paper [74] . Let us explain what they did there. By Sard's Theorem, given a point y in the range manifold, any smooth map f between manifolds of the same dimension can be approximated in the C ∞ topology by a map for which y is a regular value. If the domain is compact or, more generally, the map f is proper, then the inverse image of y by the approximating map will be a finite set. This approximation property fails for parameterized families of maps if we expect that y will be a regular value of each map in the family. There are topological obstructions to this. The same happens if we expect to approximate a given single map by a map having only regular values, i.e. a submersion. For example, the map in Example 4.6 cannot be approximated by submersions.
However, if we only want to approximate a given family of maps by families such that, for each map in the family, the inverse image of y is a discrete set, then such approximations exist in great generality. The reason for this is the following: the space J k (n) of all k-jets of maps from IR n into itself contains an algebraic variety W k such that if the k-th jet j k f (0) of a mapping f at the point 0 is not in W k , then either f (0) = 0 or 0 is an isolated zero of f . Moreover, the codimension of W k goes to infinity with k. Let P be a finite dimensional manifold. As before we will consider a map f : P × IR n → IR n to be a family of maps f p : IR n → IR n parameterized by P. If we take k large enough so that the codimension of W k exceeds dim P + n, then any map f such that j k f p (x) is transversal to W k does not intersect W k and therefore x is at most an isolated zero of f p . Applying the density of transversal maps [1] in the way it is done in [74] , any family f : P × IR n → IR n can be approximated in the
This is a only a prototype of the results in [74] . Indeed, we can take instead of IR n any two manifolds M, N of the same dimension. Moreover, the same holds if we consider fixed points of families of C ∞ (P × M, M ) or singular points of families of vector fields on M parameterized by P .
Let P, X and Y be smooth compact manifolds. Assume that X and Y are orientable over R and that dim X = dim Y. For simplicity, we will assume that X and Y are without boundary, although all that we are going to say can be extended to manifolds with boundary as well. Let f : P × X → Y be a continuous map. Let us consider the solution map
p (y). Exactly as explained in Example 3.3, F becomes a weighted carrier with weights in R, assigning weights by use of the degree theory for maps between oriented manifolds. Theorem 8.1. If P, X, Y are smooth compact manifolds as above and f : P × X → Y is a continuous map, then the map F f : P × Y → X defined above is a weighted carrier belonging to AW. More precisely: for any > 0 there exist a smooth map g : P × X → Y such that the weighted carrier φ defined by φ(p, y) = g −1 p (y) is a weighted map that is an -approximation of the weighted carrier F f .
Proof. Let us endow P, X and Y with a metric and their products with the sup metric. Also, the distances between maps are given by the sup metric.
Let > 0. We first observe that, since a compact smooth manifold is an ANR, we may choose a δ, with 0 < δ ≤ , such that any two mappings f, g : X → Y with d(f, g) ≤ δ are homotopic by a homotopy
In order to approximate F = F f by weighted maps we will use the following proposition (Theorem 6.1 of [74] ). Proposition 8.2. Let P, X and Y be smooth manifolds, with dim X = dim Y. Then there is an open dense subset G of C ∞ (P ×X, Y ) such that each g ∈ G has the property that for each p ∈ P the map g p : X → Y given by g p (x) = g(p, x) for x ∈ X is locally finite-to-one.
It follows from Proposition 8.2 that we may choose a map g ∈ G such that d(f, g) ≤ δ. Indeed, this can be chosen by first approximating f by a smooth map and then approximating, in the C 0 topology, this smooth map by a map from G. By the compactness of X we see that g −1 p (y) must be a finite set for any (p, y) ∈ P × Y and therefore φ(p, y) = g −1 p (y), considered with multiplicities, is a weighted map (as before, we are denoting by the same symbol both the weighted map and its upper semi-continuous support).
In order to show that φ is an -approximation of F, we first observe that condition (i) of Definition 7.2 simply means that the graph of φ is a subset of the -neighborhood of the graph of F in the product metric on P × X × Y. But the isometry (p, x, y) → (p, y, x) sends the graph of f to the graph of F and the graph of g to the graph of φ . Thus (i) follows from the fact that the graph of g belongs to the δ-neighborhood of the graph of f and δ ≤ .
To verify condition (ii), let U be a piece of O (F (O (p, y) )). Since g and f are δ close, there is a homotopy h :
We claim that
Indeed, suppose that h(t, p, x) = y for some t ∈ [0, 1], x ∈ ∂U, and p ∈ P. Then d (f (p, x), y) ≤ and hence 
which completes the proof of the theorem.
Taking P to be a point we get:
. Let X and Y be smooth compact oriented manifolds of the same dimension and let f : X → Y be a continuous map. Then the inverse map f −1 : Y → X is a weighted carrier belonging to AW. Moreover, an approximation is given by the weighted map φ(y) = g −1 (y) where g : X → Y is a single-valued map as close as we wish to f .
From the above, we can retrieve an old result of H. Hopf [55] . Proof. Take g, as above, close enough to f so that f * = g * and, in par-
in weighted homology, which, according to Darbo's Theorem, is the same as singular homology. Thus, f * is surjective.
It immediately follows from the preceding corollary that there is no map of nonzero degree from S n into an orientable n-manifold having nontrivial homology in dimension k with 0 < k < n.
Another consequence of the corollary is that the weighted carriers such as those described in Example 3.3 also belong to AW provided that the parameter space P is a manifold. To see this, we first observe that the map f : P ×Ō → R n can be extended to a mapf : P ×S n → S n such that 0 / ∈f (P × (S n \O)) . From Theorem 8.1, applied tof , we conclude that the solution map defined by S(p) = {x | f p (, x) = 0} is a weighted carrier in AW.
The foregoing easily generalizes to infinite dimensional spaces using the Leray-Schauder degree. Moreover, one can easily develop variants for noncompact parameter spaces.
Let X be a Banach space, P be a finite dimensional manifold and W be an open subset of P × X that is locally bounded over P. Let f :W → X be a map of the form f (p, x) = x−c(p, x) where c :W → X is a compact map. In the terminology of Granas [49] , each map f p is acompact vector field defined on the setW p = {x |(p, x) ∈W }. Thus, we can think of f as a generalized family of compact vector fields parameterized by the space P. Assuming that 0 / ∈ f (∂W ), we can use the Leray-Schauder degree for compact vector fields, as in Example 3.3, in order to assign integral weights to the map defined by S(p) = {x | f p (x) = 0}. Theorem 8.5. If f :W → X is a family of compact vector fields parameterized by P, as above, then the restriction of the solution map S to any compact subset of P belongs to AW.
Proof. Use steps two and three of the proof of Theorem 1.1 in [83] and the proof of (ii) in Theorem 8.1.
How can all this be used? One way is to use the induced homomorphism in homology by the approximating weighted map as a substitute for the algebraic transfers (see the last section) in order to obtain information about the relation between the homology of the parameter space P and the homology of the total solution set S = { (p, x) | f (p, x) = 0 }.
Just for simplicity, let us assume that P is compact and connected. Then for any open neighborhood U of S we can find a weighted map approximation φ of S such that its graph map ψ(x) = (x, φ(x)) has its image contained in U. Let π be the restriction to U of the projection to the parameter space P. Then πψ = d id, where d = deg LS (f p W p , 0) , for some and hence any, parameter p ∈ P . Thus, if d = 0, ψ * injects the weighted homology H * (P ) of the space P into H * (U ). On the other hand, π * is surjective. Taking limits we obtain an injection of H * (P ) =Ȟ * (P ) intoȞ * (S).
The same argument gives also an injection ofȞ * (P, A) intoȞ * (S, S |A ) for any closed subset A of P such that the closure of the complement of A in P is compact. This has several useful consequences.
First of all, the surjectivity of π * :Ȟ * (S, S |A ) →Ȟ * (P, A) implies the following "continuation"property of the set of solutions S : it contains a connected subset C covering all of the parameter space. Moreover, using the homological characterization of topological dimension it can be shown that C must be of dimension at least dim P at any of its points.
Results of this type have been obtained in [34, 33, 84] . However, the above argument was only a heuristic motivation for proofs based on more standard algebraic methods, e.g. using products and umkher homomorphisms.
Another consequence is that one can estimate the cup-length (and hence the category) of the topological space S in terms of the cuplength of the parameter space P . Working over Q the surjectivity of π * implies the injectivity of π * :Ȟ * (P, Q) →Ȟ * (S, Q) and from this we get that the cup-length of S is not less than the cup-length of P . This leads to multiplicity results for critical points of various functionals acting on maps with values in topologically nontrivial manifolds, such as the action functional defined of a Hamiltonian vector field [32, 31, 54, 106] .
Weighted mapping approximations can be also used for another purpose. Their mere existence allows us to formulate various geometric conditions under which the weighted carriers obtained as composition of singlevalued maps with the solution map of a parameterized family of equations must vanish at some point. This furnishes a substitution method for solving systems of equations.
Let us illustrate the use of approximations by weighted maps in solving systems of equations with a classical tool in nonlinear analysis, the Liapunov-Schmidt reduction.
Let h :Ō ⊂ Z → B be a C 1 compact vector field defined on the closure of an open subset O of a Banach space Z. We split the equation h(z) = 0 in a neighborhood of a solution z 0 into a system
To do so, we write Z as a product Z = X × Y where X = ker Df (z 0 ) is a finite dimensional subspace of Z and Y Im Df (z 0 ). We take f = πh and g = id − πh, where π is the projection onto Y along X.
The equation f (x, y) = 0 is called auxiliary equation. The LiapunovSchmidt reduction comprises two steps: first, we solve (in a neighborhood of z 0 ) the auxiliary equation, using the implicit function theorem. Then we substitute the resulting solution y = s(x) into the second equation obtaining the so called bifurcation equation g(x, s(x)) = 0. By this substitution, the problem of solving h(z) = 0 near z 0 is reduced to finding solutions of the bifurcation equation, which is a finite dimension system of nonlinear equations.
This classical method was generalized, among others, by Lamberto Cesari in order to deal with nonlocal situations. Assuming that the compact part of the equation is Lipschitz, one can still solve the auxiliary equation, not only locally but also in the large. Here, however, the space X is not necessarily the kernel, but is a finite dimensional space chosen so that it permits use of the contraction mapping principle to uniquely solve this equation. Our point is that, by using weighted carriers, there is no need of uniqueness of solutions of the auxiliary equation. Thus, we can drop the Lipschitzianity condition and have a more flexible choice of the finite dimensional space X. Indeed, if O is locally bounded over X and f (x, y) = 0 for (x, y) ∈ ∂O, then the map S : X → Y, sending x into the set of all solutions y ∈ O x of the auxiliary equation, is a weighted carrier which can be approximated by a weighted map on any compact subset of X. Thus, we reduced our original problem h(z) = 0 to a finite dimensional multivalued bifurcation equation 0 ∈ F (x) where F (x) = g(x, S(x)).
Of course, all this is useful only if we have some good topological principles which lead to a solution of the bifurcation equation. Here we will discuss one such principle of Borsuk-Ulam type.
We will say that two closed subsets A and B of a normed space X are strictly separated by a hyperplane if there exists a bounded linear functional on X which is positive on one of them and negative on the other. It is easy to see that this condition is equivalent to K(coA) ∩ coB = ∅. Here coA is the closed convex hull of A and K(B) is the cone from B with vertex at 0.
Let B ⊂ IR n be the closed unit ball. We will say that an upper semi-continuous multivalued map F : B → IR n verifies the BorsukUlam property on ∂B if, for each x ∈ ∂B, F (x) and F (−x) are strictly separated by a hyperplane. Theorem 8.6. Let B be the unit ball in IR n and let F : B → IR n be a weighted carrier belonging to AW such that I(F ) = 0. If F satisfies the Borsuk-Ulam property on ∂B, then there exist a point x in the interior of B such that 0 ∈ F (x).
Proof. Observe that the Borsuk-Ulam property, being equivalent to the non-intersection of the graphs of the two upper semi-continuous maps x → K(coF (x)) and x → coF (−x), is an open condition. Thus if it holds for F, it must hold for any sufficiently close weighted map. Similarly, if 0 / ∈ F (B), then the same must hold for any weighted map sufficiently close to F . Therefore it is enough to prove the above theorem in the case that F is a weighted map. Suppose F is a weighted map.
We will show that F has a nontrivial degree in the sense of section 10 by finding an admissible σ-homotopy between F and I(F ) f where f is an odd singlevalued map.
This will prove the theorem, since according to the Borsuk-Ulam Theorem odd maps have an odd degree.
We first observe that, by the Borsuk-Ulam condition, for each x ∈ ∂B there exists y ∈ ∂B such that
For y ∈ ∂B, let V y = {x ∈ ∂B| (8.2) holds}. Clearly V y is an open subset of ∂B for each y. By the Borsuk-Ulam condition we have that {V y } y∈∂B is an open covering of the compact space ∂B.
Taking a finite sub-cover {V y i } 0≤i≤m and a subordinated partition of unity {s i : ∂B → [0, 1]} 0≤i≤m , for x ∈ ∂B, we set
Then f : ∂B → IR n extends to an odd continuous map defined on B. Consider H : B × I → IR n defined by
where ∆ is the diagonal map and g(x, y, t) = tx + (1 − t)y. It is a matter of calculation [83] to check that for all x ∈ ∂B and all t ∈ [0, 1], 0 / ∈ H(x, t). Thus H is an admissible σ-homotopy between H(x, 0) = I(F )f (x) and H(x, 1) = F (x). This completes the proof.
The above result was used in [83] to obtain criteria of LandesmanLazer type for the solvability of semilinear elliptic equations. Papers [16, 15, 88, 4] contain other variants, generalizations to inclusions and applications of the above theory to existence of periodic solutions for differential equations with multivalued right hand side and control theory among others.
Let us discuss the corresponding approximation of fixed points of maps. Let M and P be compact manifolds with P connected, and let f : P × M → M be a parametrized family of maps from M into itself. By Example 3.4 the map F sending p into the set of fixed points Fix(f p ) of f p is an weighted carrier with I(F ) = L(f p ). Using Theorem 4.1 of [74] , for any we can find a smooth map g -close to f and such that each g p has a finite number of fixed points. This shows that F ∈ AW.
The above approximation result can be easily extended to the case of families of maps from a compact finite dimensional ANR X into itself.
For this we will use the following proposition whose proof is taken from [24] . Proof. Let R n be the euclidean n-space, embedded in R n+1 as the hyperplane x n+1 = 0. Let X be a compact subset of R n and N a closed and bounded neighborhood of X in R n and let : N → X be a retraction. The boundary (in R n ) of N , ∂N , is compact and ∂N ∩ X = ∅. Taking a continuous function ψ such that ψ(x) = 1 if x ∈ X and ψ(x) = 0 if x ∈ ∂N and an ε; 0 < ε < 1/2, we can approximate ψ by a polynomial P such that
This leads to
Since, the set of critical points of a polynomial is finite, almost every c satisfying ε < c < 1 − ε, is a regular value of P. Therefore the set N c of points of N satisfying P (x 1 , . . . , x n ) ≥ c is a neighborhood of X whose boundary in R n is a smooth manifold. If c is a regular value of P (x 1 , . . . , x n ) − x 2 n+1 , then the submanifold of R n+1 , defined by
n+1 − c = 0 is orientable. Let W , be the isolated piece of this manifold that projects orthogonally on N c . We call π : W → N c this orthogonal projection.
For every point x ∈ X ⊂ intN c , π −1 (x) is made of two points of W . We call α(x) the one, that has positive x n+1 coordinate. The map α : X → W is an embedding. Composing the maps
we get a map β : W → X so that βα = id X . Proof. By the previous proposition B and X can be embedded is retracts of finite dimensional compact manifolds P and M respectively. Let i be the embedding of X into M and r be the corresponding retraction. Let j be the embedding of B × X into P × M and let s : P × M → B × X be the induced retraction on the product. Take δ > 0 such that r sends δ-close points of M to -close points in X. By the preceding discussion we can find a map g : P × M → M that is δ-close to if s such that each g p has a finite set of fixed points. Then g = rg j is -close to f and g b has a finite set of fixed points for each b ∈ B. The proof that Fix(g b ) is an -approximation is as in Theorem 8.1. A different approach was used by Jerrard in [58] . When X and Y are finite polyhedra, he used piecewise linear approximations in order to approximate the fixed point carrier derived from a family f : X × Y → Y with weighted maps. He applied this to the study of the fixed point property of product spaces as follows: if (f, g) : X × Y → X × Y, then fixed points of (f, g) are in one to one correspondence with fixed points of both GF : X → X and F G : Y → Y, where F and G are the fixed point carriers associated to f and g respectively. His best result in this direction is the following theorem [61] . Theorem 8.9. If X and Y are compact polyhedra such that the Lefschetz number of any self map is nontrivial and if any composition of group homomorphisms H n (X) → H n (Y ) → H n (X) is zero for n > 0, then X × Y has the fixed point property.
A homological construction of the induced homomorphism
In this section we would like to discuss shortly a different approach to the construction of the induced homomorphism by an acyclic weighted carrier which is due to Haesler and Skordev ([108] ). They consider a smaller class of acyclic weighted carriers, called m-maps. A m-map is a weighted carrier Ψ : K → L between finite polyhedra such that each Ψ(x) has only a finite number of acyclic components. They show that any m-map Ψ possesses an associated approximation system (A-system in the terminology of the authors).
It will be out of place to introduce the formal definition of A-system here. It is quite involved. Roughly speaking, taking two decreasing sequences of triangulations of K and L with mesh going to 0 an Asystem is a coherent sequence of subsets of the set of all chain maps between the (simplicial) chain complexes of the corresponding triangulation. This concept evolved from the old theory of carriers frequently used before acyclic models theorem appeared. What is important to us is that any A-system defines a homomorphism in simplicial homology.
The following proposition explains to some extent the relation between the homotopical approach to the construction of the induced homomorphism in homology of the previous section and the homological one discussed here.
Let us denote with C(X) the cellular chain complex of a CWcomplex X. Given two chain complexes C, C let us denote by π[C, C ] the R-module of all chain homotopy equivalence classes of chain homomorphisms ( of degree 0 ) from C to C . If X, Y are CW -complexes. A-systems were introduced by Siegberg and Skordev [100] as an appropriate setting for the formulation of the multiplicativity and commutativity properties of the local fixed point index for multivalued maps. Using the above theory Haesler and Skordev were able to define a local fixed point index for m-maps which verifies many of the good properties of the fixed point index in the singlevalued case. Here we quote their result: (a) Homotopy. Let H ∈ M(F ), H : U × I → K, be a homotopy joining the maps Φ 1 | U , Φ 2 | U ∈ M(F ) such that for all t ∈ I and H t : U → K, H t (x) = H(x, t), the triple (K, H t , U ) is admissible. Then
The index i A in (d) and (e) depends upon the construction of Asystems for Φ 1 • Φ 2 , Φ 2 • Φ 1 and Φ p ( [108] ). The authors has also established the following version of the BorsukUlam theorem for m-maps. Theorem 9.3. If F : S n → S m is an m-map with weights in Z 2 that is equivariant under antipodal involution, then n ≤ m. Remark 9.4. A recent paper [107] is devoted to the proof of the Lefschetz fixed point theorem for upper semi-continuous maps Ψ : X → X where X is a compact F -space (ANR or quasicomplex) and each Ψ(x) consists of a finite number of Q-acyclic components. The main tool of this generalization is an extension of theČech homology functor to the class of m-acyclic maps.
Topological degree for weighted maps
Topological degree for weighted maps was studied in various forms in [20, 83, 63] Our presentation here follows the lines of the PhD thesis of S. Jodko-Narkiewicz ( [63] ). For simplicity we will consider only R = Z. We first recall the definition and properties of the topological degree. It will be defined by means of the Darbo homology functor. Let U be a bounded open subset of R n . Furthermore, we set A(U, R n ) = {ϕ : U → R n | ϕ is a weighted map and 0 ∈ ϕ(∂U )} where U denotes the closure of U and ∂U is the boundary of U. Now, we shall define a map deg : A(U, R n ) → Z. Let us recall that we can think of S n as the one point compactification of R n , in other words, S n = R n ∪ {∞}. Take any ϕ ∈ A(U, R n ). Then we have
where k, j are the respective inclusions and (i − ϕ)(x) = x − ϕ(x), for every x ∈ U . Now, we can apply to the above diagram the ndimensional Darbo homology functor with integer coefficients and we get
where by means of the excision axiom j * n is an isomorphism. Now, we are in a position to define deg(ϕ) as follows:
Of course, the definition depends on the choice of the two isomorphisms at the beginning and the end of the above sequence or equivalently on the choice of an orientation on S n ( which induces a unique orientation class o 0 ∈ H n (R n , R n \ {0})). Below we shall list some properties of the degree defined above.
Proposition 10.1. ( [63] ) Let U and ϕ be as above.
(
(4) (Unity) If U contains the origin and i :
Moreover deg(kϕ) = kdeg(ϕ) for all ϕ ∈ A(U, R n ) and k ∈ Z.
Definition 10.2. ( [63] , [83] ) The winding number of a weighted map ϕ : S n−1 → R n \ {0} is the unique integer w(ϕ) such that
coincides with the multiplication by w(ϕ).
Now, we give some topological consequences of the topological degree.
The following is a generalization of the Birkhoff-Kellogg principle in IR n . Let X be a metric space. We will say that ϕ : X → S n is an algebraically essential map, if ϕ * n : H n (X) → H n (S n ) is a nontrivial homomorphism.
Proposition 10.5. ( [63] ) Let p be an algebraically essential map from X into S 2k . Then for every weighted map ϕ : X → S 2k with I(ϕ) = 0 there exists a point x 0 ∈ X such that either p(x 0 ) ∈ ϕ(x 0 ) or −p(x 0 ) ∈ ϕ(x 0 ).
Topological essentiality
In this section we shall present a concept of topological essentiality which can be interpreted as the topological degree mod 2. We would like to remark that a concept of essentiality for single valued maps was introduced by A. Granas ([49] ) and further generalized by L. Górniewicz and M.Ślosarski for some class of multivalued maps ( [46] ). Moreover, the above concept was elaborated by M. Furi, M. Martelli and A. Vignoli under the name zero-epi maps ( [39] ).
In what follows E, F are two real normed spaces and U is an open connected bounded subset of E. By U we shall denote the closure of U in E. In all of this section we will assume that R is a field and we consider only weighted maps ϕ with I(ϕ) = 0. We let:
W ∂U (U, F ) = { ϕ : U → F | ϕ is a weighted map and 0 / ∈ ϕ(∂U )};
W C (U, F ) = { ϕ : U → F | ϕ is a weighted map and compact}; W 0 (U, F ) = { ϕ : U → F | ϕ ∈ W C (U, F ) and ϕ(x) = {0}, ∀x ∈ ∂U } Definition 11.1. ([103] ) A weighted map ϕ ∈ W ∂U (U, F ) is called essential ( with respect to W 0 (U, F )) provided, for any ψ ∈ W 0 (U, F ) there exists a point x ∈ U such that ϕ(x) ∩ ψ(x) = ∅, i.e. ϕ and ψ have a coincidence in U. Now, we give some examples of essential weighted maps. Let us enumerate several properties of the topological essentiality.
Proposition 11.5 (Existence). If ϕ ∈ W ∂U (U, F ) is essential, then there exists a point x ∈ U such that 0 ∈ ϕ(x). Proposition 11.9 (σ-homotopy). Let ϕ ∈ W ∂U (U, F ) be an essential weighted map. If H : U × [0, 1] → F is a compact weighted map such that:
Now, we give some topological consequences of the topological essentiality.
Proposition 11.10 (Invariance of Domain). Let ϕ ∈ W ∂U (U, F ) be an essential weighted map and proper. If D is a connected component of the set F \ ϕ(∂U ) which contains 0 ∈ F. Then D ⊂ ϕ(U ).
Proposition 11.11. Let ϕ ∈ W ∂U (U, F ) be an essential weighted map and ψ ∈ W C (U, F ). If ϕ(x) ∩ ψ(x) = ∅ for every x ∈ ∂U , then at least one of the following conditions holds:
(1): there exists x ∈ U such that ϕ(x) ∩ ψ(x) = ∅; (2): there exists λ ∈ (0, 1) and x ∈ ∂U such that ϕ(x) ∩ (λψ(x)) = ∅.
Proposition 11.12 (Nonlinear alternative). Let ψ ∈ W C (U, F ) and 0 ∈ U , then at least one of the following conditions is satisfied:
: there exists x ∈ ∂U and λ ∈ (0, 1) such that x ∈ λψ(x).
Let us remark that natural applications of the topological essentiality can be found in control theory (see [45] ).
The Lefschetz fixed point theorem for compact absorbing contractions
There are several possibilities of generalizing of the Lefschetz fixed point theorem for weighted maps. Some of them will be presented here (see [107] ). In this section we consider the Darbo homology functor with coefficients in the field of rational numbers Q. Moreover, throughout this paragraph all the vector spaces are taken over Q. A graded vector space E = {E n } n≥0 is said to be of finite type if dimE n < ∞, for every n and E n = 0, for all except a finite number of indices. If f = {f n : E n → E n } n≥0 is an endomorphism of degree zero, then its Lefschetz number is given by L(f ) = n (−1) n tr(f n ). Jean Leray [79] extended the notion of Lefschetz number to a much larger class of graded endomorphisms, using a generalization of the concept of trace. Let f : E → E be an endomorphism of an arbitrary vector space E. By f (n) : E → E we will denote the n-th iterate of f. The kernels Kerf (n) n ≥ 1 form an increasing sequence and therefore N (f ) = n≥1 Kerf (n) is a subspace of E. Since f maps N (f ) into itself it induces an endomorphismf : E → E, where E = E/N (f ) is the factor space. Under assumption that dim E < ∞ Leray defined the generalized trace T r(f ) of f by putting T r(f ) = tr(f ). Let f = {f n } n≥0 be an endomorphism of degree zero of a graded vector space E = {E n } n≥0 . We say that f is a Leray endomorphism if the graded vector space E = { E n } n≥0 is of finite type. For such an f , we can define the generalized Lefschetz number Λ(f ) of f by putting
It is easy to see that if E is of finite type, then Λ(f ) = L(f ). A weighted map ψ : X → X over the field R = Q will be called a Lefschetz weighted map if the induced homomorphism ψ * : H * (X) → H * (X) is a Leray endomorphism. For such a weighted map ψ we can define the Lefschetz number Λ(ψ) of ψ by putting: Λ(ψ) = Λ(ψ * ).
Clearly, any weighted map ψ σ-homotopy to a Lefschetz weighted map ϕ is Lefschetz and Λ(ψ) = Λ(ϕ). We shall say that a weighted map ψ : X → Y is a compact weighted map if the closure ψ(X) of ψ(X) in Y is a compact set. By straightforward extension of a method due to A. Granas [50] one can prove the following theorem.
Theorem 12.1. ( [102] ) Let X ∈ AN R and let ϕ : X → X be a compact weighted map (ϕ ∈ K w (X)). Then:
(1) ϕ is a Lefschetz weighted map; (2) Λ(ϕ) = 0 implies that ϕ has a fixed point.
Let us notice that if X is an AN R, then H * (X) = {H n (X)} n≥0 need not be a graded vector space of finite type. Therefore for a given ϕ the ordinary Lefschetz number cannot be well defined. So, in the proof of the above theorem we have to consider a concept of the generalized Lefschetz number. Now, following G. Fournier and L. Górniewicz ([40, 35, 41] ) we show how the above theorem can be extended to a class of non-compact mappings. Before doing it, we will recall the necessary notions and facts. Let (X, A) be a pair of spaces. Given a weighted map ϕ : (X, A) → (X, A) we denote by ϕ X : X → X and ϕ : A → A the evident contractions of ϕ. For a pair (X, A) let us consider the graded vector space H * (X, A) = {H n (X, A)} n≥0 . A weighted map ϕ : (X, A) → (X, A) is called a Lefschetz weighted map provided ϕ * : H * (X, A) → H * (X, A) is a Leray endomorphism. For a weighted map ϕ we can define the Lefschetz number Λ(ϕ) of ϕ by putting Λ(ϕ) = Λ(ϕ * ). The following proposition expresses a basic property of the generalized Lefschetz number: The set of all compact absorbing contractions will be denoted with: CAC w (X). Evidently, any compact weighted map ϕ : X → X is a compact absorbing contraction (it is enough to take U = X). The main property of the compact absorbing contraction is given in the following: After these preliminaries we are able to formulate the following Theorem 12.5. ( [102] ) Let X be an ANR and let ϕ ∈ CAC w (X). Then:
Proof. Let U ⊂ X be chosen according to the definition 12.3 and let ϕ : U → U be a contraction of ϕ to U . We consider the map ϕ : (X, A) → (X, A), ϕ(x) = ϕ(x), for every x ∈ X. From Proposition 12.4 we get that ϕ is a Lefschetz weighted map and Λ( ϕ) = 0. Since ϕ is a compact weighted map and U ∈ AN R, we obtain from Theorem 12.1 that ϕ is a Lefschetz weighted map. Consequently, by applying Proposition 12.2, we deduce that ϕ is a Lefschetz weighted map and Λ(ϕ) = Λ(ϕ). Now, if we assume that Λ(ϕ) = 0, then Λ(ϕ) = 0 and by using once again Theorem 12.1 we get that ϕ has a fixed point but it implies that ϕ has a fixed point, which completes the proof of our theorem.
As an immediate consequence of the above theorem, we obtain:
Corollary 12.6. Let X be an acyclic ANR (e.g., a convex subset of a normed space) and let ϕ : X → X be a weighted map with I(ϕ) = 0. If ϕ ∈ CAC w (X), then ϕ has a fixed point.
Comments
In this section we will make some comments about possible extensions and applications of the preceding theory and discuss the connection of the approximation theorems in Section 8 with the transfers.
Applications of the fixed point index for weighted maps to branching, only sketched in Section 4, deserve further study. A proof of the commutativity property for the local fixed point index would open the possibility to localize the branching near the set of branch points as in the Riemann-Hurwitz formula.
Fuller's example discussed in Section 7 suggests that Lefschetz carriers may be useful in order to obtain an extension of the well known Wazewski principle to some cases in which not all egress points are strict egress points.
Finally, let us discuss the transfers. A typical transfer is a "wrong way" homomorphism in homology (or cohomology) that is not induced by singlevalued continuous maps. The ones in ordinary homology theory have been studied since the very beginning of algebraic topology. For example, Poincare duality transfer was used by Hopf in [55] to obtain results such as Corollary 8.4. Lefschetz [76, 75, 77] and Hopf used them in a more or less explicit way in the fixed point and coincidence formulas. On a more general setting of convexoid spaces a fixed point transfer was introduced by Jean Leray in [78] under the name of θ-homomorphism (see also [64] ).
In [97] , Schultz generalized the Smith transfer using weighted maps or (better to say) m-functions of Jerrard. We have briefly discussed the relation between weighted maps and Smith transfer in section 4. To some extent, this relation was used by Oliver [89] in his construction of a transfer for general Lie groups. The book [12] contains a comprehensive discussion of this type of transfers based on sheaf cohomology. In [65, 66, 105, 28, 96, 48] can be found many applications of this theory.
We believe that the approach we have been using in Section 8 can be further improved in order to show that all weighted carriers discussed there have a well defined homomorphism in homology, obtained by approximation with special weighted maps, and which depends only on the homotopy class of the family defining the carrier. If this works, one can easily show that the induced homomorphism depends only on the homotopy class of the family f .
Since such a homomorphism is literally (and not only metaphorically [26] ) induced by a multivalued mapping with weights, it could be considered a geometric transfer, as opposed to the classical (algebraic) transfer defined in terms of products in various homology and cohomology theories [26, 25] . The "wrong way" transfer would become the "right way" homomorphism induced by f −1 . We don't know how to compare this type of homomorphisms with the classical ones. There are axiomatic characterizations of transfers that lead to a uniqueness theorem [10] . This may be helpful.
Another natural question, in this regard, is whether there exists a unifying approach to the approximation of general weighted carriers by weighted maps applicable both to the acyclic weighted carriers and to those in Section 8. This question is closely related to the one raised by Dold in [27] about the relation between the coincidence index defined there and the index for acyclic morphisms.
The fixed point theorem in [14] hints that further improvement in this direction may be possible. Generalizations of the infinite symmetric products to spaces of higher dimensional cycles that arise in [2, 3, 36] is also of interest in this regard.
Becker and Gottlieb [7, 47, 9] showed that a large variety of transfers in generalized cohomology theories are induced by stable maps. The fixed point transfer in [26] is also constructed in this way.
A (co)-homology theory defined on the category of CW -complexes extends to the category of weighted maps if and only if it verifies the dimension axiom. This means that our hypothetical geometric theory is limited to transfers in ordinary homology. This is a strong limitation which reduces the interest in this construction, because transfer in extraordinary theories are by far more powerful.
